Abstract. This note is the sequel to [A note on secondary K-theory. Algebra and Number Theory 10 (2016), no. 4, 887-906]. Making use of the recent theory of noncommutative motives, we prove that the canonical map from the derived Brauer group to the secondary Grothendieck ring has the following injectivity properties: in the case of a regular integral quasi-compact quasi-separated scheme, it is injective; in the case of an integral normal Noetherian scheme with a single isolated singularity, it distinguishes any two derived Brauer classes whose difference is of infinite order. As an application, we show that the canonical map is injective in the case of affine cones over smooth projective plane complex curves of degree ≥ 4 as well as in the case of Mumford's (celebrated) singular surface.
Introduction and statement of results
A differential graded (=dg) category A, over a base commutative ring k, is a category enriched over complexes of k-modules; consult [14] . Every (dg) k-algebra gives naturally rise to a dg category with a single object. Another source of examples is provided by schemes since the category of perfect complexes perf(X) of every quasi-compact quasi-separated k-scheme X admits a canonical dg enhancement perf dg (X); see [14, §4.6] . When X is moreover quasi-projective this dg enhancement is unique; see [18, Thm. 2.12] . Following [15, 16, 17] , a dg category A is called smooth if it is compact as a bimodule over itself and proper if all the complexes of k-modules A(x, y) are compact in the derived category D(k). Examples include the dg categories perf dg (X) associated to smooth proper k-schemes X.
Let k be a base commutative ring and X a quasi-compact quasi-separated kscheme. Following [28, §2.2] , resp. [29] [30, §4.4] , the derived Brauer group dBr(X), resp. secondary Grothendieck ring K (2) 0 (X), is defined as the set of Morita equivalence classes of sheaves of dg Azumaya algebras 1 A, resp. as the quotient of the free abelian group on the Morita equivalence classes of sheaves of smooth proper dg categories A by the relations [B] = [A] + [C] arising from short exact sequences 0 → A → B → C → 0. The group structure of dBr(X), resp. the multiplication law of K (2) 0 (X), is induced by the derived tensor product and the inverse of A, resp. A, is given by A op , resp. A op . Since a sheaf of dg Azumaya algebras is, in particular, a sheaf of smooth proper dg categories, we have a canonical map:
0 (X) . The canonical map (1.1) may be understood as the "categorification" of the canonical map from the Picard group Pic(X) to the Grothendieck ring K 0 (X). However, in contrast with Pic(X) → K 0 (X), (1.1) does not seem to admit a "determinant" map in the converse direction. This makes the study of the injectivity of the canonical map (1.1) a rather difficult problem.
As proved in [28, Cor. 3.8] (see also [27, Appendix B]), we have an isomorphism: [6] . Our results are divided in two parts: in the first part we consider the case where X is regular and in the second part we allow the existence of an isolated singularity.
First part. Our first main result is the following: Theorem 1.3. When X is a regular integral quasi-compact quasi-separated kscheme, the canonical map (1.1) is injective. Theorem 1.3 applies, in particular, to the following families of schemes: Example 1.4 (Toric varieties). Let k be an algebraically closed field of characteristic zero, n > 0 an integer, ∆ a finite fan on R n , and X the associated toric k-variety. Following [7, Thm. 1.1], whenever X is smooth, we have Br
n−i , where a 1 , . . . , a n are the invariant factors of ∆.
Example 1.5 (Complex surfaces). Let X be a complex simply-connected smooth projective surface. Following [4, §5.4], we have Br
In the case of a K3 surface, the preceding computation reduces to Br(X) ≃ (Q/Z) ⊕22−ρ(X) , where ρ(X) denotes the Picard number of X. Example 1.6 (Calabi-Yau varieties). Let X be a complex smooth projective CalabiYau n-fold. Whenever n ≥ 3, we have Br [1, 10, 22] for the construction of derived Morita equivalent complex Calabi-Yau 3-folds X and Y such that Br(X) ≃ Z/8 × Z/8 and Br(Y ) = 0. This shows, in particular, that the derived Brauer group is not derived Morita invariant. Example 1.7 (Rational varieties). Let k be a field and X a smooth projective rational k-variety. Following [13, §7] , we have Br ′ (X) ≃ Br(X) ≃ Br(k).
2 As proved in [20, §IV Prop. 2.15] , the reduction of the cohomological Brauer group Br ′ (X) to the Brauer group Br(X) holds always locally in the Zariski topology.
By construction, every morphism f : X → Y between quasi-compact quasiseparated k-schemes gives rise to the following commutative square: 
0 (Y ) is injective. Remark 1.10 (Previous results from [23] ). In the particular case where k is a field 3 and X = Spec(k), let us write the canonical map (1.1) as follows: Moreover, they both use in an essential way the semi-simplicity property of the category of noncommutative numerical motives. In §3 below we prove that the canonical map (1.11) is always injective! Our new proof works in arbitrary characteristic and does not uses the semi-simplicity property of the category of noncommutative numerical motives.
The proof of Theorem 1.3 is obtained by combining the injectivity of (1.11) with the injectivity of the restriction homomorphism
where k(X) stands for the function field of X; consult §3 for details.
Second part. Our second main result is the following: Theorem 1.12. Let X be an integral normal Noetherian 4 k-scheme, which admits an ample line bundle, with a single isolated singularity. Given sheaves of dg Azumaya algebras A and B such that A op ⊗ L B is not Morita equivalent to a sheaf of ordinary Azumaya algebras, the images of Intuitively speaking, Theorem 1.12 shows that the canonical map (1.1) distinguishes any two derived Brauer classes whose difference is of infinite order. Corollary 1.13. Given a sheaf of dg Azumaya algebras A which is not Morita equivalent to a sheaf of ordinary Azumaya algebras, the restriction of the canonical map (1.1) to the subgroup Z of dBr(X) generated by [A] is injective. Corollary 1.14. Given a sheaf of dg Azumaya algebras A which is not Morita equivalent to a sheaf of ordinary Azumaya algebras, the image of [A] under (1.1) is different from the images of the sheaves of ordinary Azumaya algebras.
Proof. Combine isomorphism (1.2) and Theorem 1.12 (with B a sheaf of ordinary Azumaya algebras) with the fact that in every abelian group the product of a non-torsion element with a torsion element is always a non-torsion element. Corollary 1.14 shows that (1.1) distinguishes torsion from non-torsion classes. Corollary 1.15. Let X be as in Theorem 1.12. Whenever the kernel of the restric-
Proof. By construction, we have the following commutative square
where f : Spec(k(X)) → X stands for the canonical morphism. Hence, since by assumption the kernel of the left-hand side vertical homomorphism is torsion-free, the proof follows from the combination of Theorem 1.12 with the injectivity of the canonical map (1.11) (with k replaced by k(X)). 
is torsion-free, the restriction homomorphism Br(X) = Br ′ (X) → Br(k(X)) is injective. This applies, notably, to the above Examples 1.16-1.17.
Background on noncommutative motives
For a book, resp. survey, on noncommutative motives consult [24] , resp. [25] . Let k be a base commutative ring and R a commutative ring of coefficients. Recall from [24, §4.1] the construction of the category of noncommutative Chow motives NChow(k) R . This category is R-linear, additive, idempotent complete, and rigid symmetric monoidal, Moreover, it comes equipped with a ⊗-functor U (−) R : dgcat sp (k) → NChow(k) R defined on the category of smooth proper dg categories. Furthermore, we have the following isomorphisms:
Under (2.1), the composition law of NChow(k) R corresponds to the derived tensor product of bimodules. In the case where R = Z, we will write NChow(k) instead of NChow(k) Z and U instead of U (−) Z .
Remark 2.2 (Dg Azumaya algebras)
. Let A be a dg Azumaya k-algebra. Similarly to ordinary Azumaya k-algebras (see [26, Lem. 8 .10]), we have the ⊗-equivalence of symmetric monoidal triangulated categories
Given a rigid symmetric monoidal category C, its N -ideal is defined as follows
where tr(g • f ) denotes the categorical trace of the endomorphism g • f . The category of noncommutative numerical motives NNum(k) R is defined as the idempotent completion of the quotient of NChow(k) R by the ⊗-ideal N . By construction, this category is R-linear, additive, idempotent complete, and rigid symmetric monoidal.
Notation 2.4. In the case where k is a field, we will write CSA(k) R for the full subcategory of NNum(k) R consisting of the objects U (A) R with A a central simple k-algebra, and CSA(k) ⊕ R for the closure of CSA(k) R under finite direct sums.
Proof of Theorem 1.3
We start by proving that the canonical map ( 
By precomposing it with the ring isomorphism K
0 (k) ≃ PT (k) and with (1.11), we hence obtain the following composition:
In what follows, we prove that the composition (3.1) is injective; note that this implies that (1.11) is also injective. We start by recalling the following results: 
By combining (3.5) with (3.3), we conclude that
Now, let us assume by absurd that [U (A)] = [U (B)] in the Grothendieck ring
. This is equivalent to the following condition:
Thanks to Lemma 3.10 below, if condition (3.6) holds, then there exist integers n, m ≥ 0 and a noncommutative numerical motive NM ′ such that
Fp as direct summands. Note that the composition bilinear pairing (in NNum(k) Fp )
is zero; similarly with U (A) Fp replaced by U (B) Fp . This follows from the fact that the right-hand side of (3.8) is isomorphic to F p , from the fact that the category NNum(k) Fp is F p -linear, and from the fact that the noncommutative numerical motive NM ′ does not contains U (A) Fp as a direct summand. The following composition bilinear pairing (in NNum(k) Fp )
is also zero; similarly with U (A) Fp and U (B) Fp replaced by U (B) Fp and U (A) Fp , respectively. This follows from the fact that the right-hand side of (3.9) is zero; see Proposition 3.2. Note that the triviality of the composition bilinear pairings (3.8)-(3.9) implies that the above isomorphism (3.7) restricts to an isomorphism
Fp is equivalent to the category of Br(k){p}-graded finite dimensional F p -vector spaces (see Proposition 3.4), it satisfies the cancellation property with respect to direct sums. Consequently, we conclude from the preceding isomorphism that U (A) Fp ≃ U (B) Fp in NNum(k) Fp , which is a contradiction. This shows that the above composition (3.1) is injective. 5 Recall that a commutative ring R has characteristic zero, resp. positive prime characteristic p > 0, if the kernel of the unique ring homomorphism Z → R is {0}, resp. pZ. Lemma 3.10. If the above condition (3.6) holds, then there exist integers n, m ≥ 0 and a noncommutative numerical motive NM ′ ∈ NNum(k) Fp such that:
Proof. Recall that the category NNum(k) Fp is idempotent complete. Therefore, by inductively splitting the (possible) direct summands U (A) Fp and U (B) Fp of the noncommutative numerical motive NM Fp , we obtain an isomorphism
We claim that the number of copies of U (A) Fp and U (B) Fp is finite; note that this concludes the proof. We will focus ourselves in the case U (A) Fp ; the proof of the case U (B) Fp is similar. Suppose by absurd that the number of copies of U (A) Fp is infinite. In this case, the
. By construction, the category NNum(k) Fp is additive and rigid symmetric monoidal. Therefore, the classical Euler characteristic construction 6 gives rise to a ring homomorphism:
Consequently, since [U (A)
Fp ] = 0, we would conclude that χ([U (A) Fp ]) = 0. Thanks to the above ring isomorphisms (3.5), the equality
we hence obtain a contradiction. This finishes the proof.
We now have all the ingredients necessary for the conclusion of the proof of Theorem 1.3. Since by assumption the quasi-compact quasi-separated k-scheme X is regular and integral, we can consider the canonical morphism f : Spec(k(X)) → X and the associated commutative square:
As proved in [12, Cor. 1.10], the left-hand side vertical homomorphism is injective. Therefore, we conclude that the injectivity of (1.1) follows from the injectivity of the canonical map (1.11) (with k replaced by k(X)).
Proof of Theorem 1.12
The proof is divided into two steps: in the first step we consider the "local" case and in the second step the "global" case.
6 Let (C, ⊗, 1) be a rigid symmetric monoidal category. Given a dualizable object a ∈ C, recall that its Euler characteristic χ(a) is defined as 1
→ 1, where co, resp. ev, denotes the coevaluation, resp. evaluation, morphism.
Step I. Let k be a commutative ring. In the particular case where X = Spec(k), let us write the canonical map (1.1) as follows:
0 (k) . The following "local" result is of independent interest: Recall that K 0 (k) ≃ Z whenever k is a local ring or a principal ideal domain. 
In what follows, we prove that [U (A)] = [U (B)] in K 0 (NChow(k)); note that this automatically implies Theorem 4.2. We start by recalling the following result: 
Making use of Remark 2.2, we hence obtain ring isomorphisms (in NChow(k) Q and NNum(k) Q ):
Note that the composition bilinear pairing (in NChow(k) Q ) (4.12)
is zero; similarly with U (A) Q and U (B) Q replaced by U (B) Q and U (A) Q , respectively. This follows from the fact that the right-hand side of (4.12) is isomorphic to Q, from the fact that the category NChow(k) Q is Q-linear, and from the fact that (NChow(k) ). This is equivalent to the following condition:
Thanks to Lemma 4.15 below, if condition (4.13) holds, then there exist integers n, m ≥ 0 and a noncommutative numerical motive NM ′ such that
Similarly to the proof of Theorem 1.3 (with F p replaced by Q and with Proposition 3.2 replaced by Proposition 4.9), we conclude that the preceding isomorphism (4.14) restricts to an isomorphism
Let us denote by U (A) Q , U (B) Q ⊕ the smallest additive and idempotent complete full subcategory of NNum(k) Q containing the objects U (A) Q and U (B) Q . Note that the preceding isomorphism belongs to this subcategory. It is well-known that the functor Hom NNum(k) Q (U (A) Q ⊕ U (B) Q , −) induces an equivalence between U (A) Q , U (B) Q ⊕ and the category of finitely generated projective (right) modules over the ring End NNum(k) Q (U (A) Q ⊕ U (B) Q ). Thanks to Proposition 4.9, and to the ring isomorphisms (4.11), the latter ring is isomorphic to Q × Q. Therefore, the category U (A) Q , U (B) Q ⊕ is equivalent to the product Vect(Q) × Vect(Q), where Vect(Q) stands for the category of finite dimensional Q-vector spaces. In particular, the latter category satisfies the cancellation property with respect to direct sums. We hence conclude from the preceding isomorphism that U (A) Q ≃ U (B) Q in NNum(k) Q , which is a contradiction. This shows that [U (A)] = [U (B)] in K 0 (NChow(k)), and therefore concludes the proof of Theorem 4.2.
Lemma 4.15. If the above condition (4.13) holds, then there exist integers n, m ≥ 0 and a noncommutative numerical motive NM ′ ∈ NNum(k) Q such that:
The noncommutative numerical motive NM ′ does not contains U (A) Q neither U (B) Q as direct summands.
Proof. The proof is similar to the proof of Lemma 3.10; simply replace F p by Q and the ring isomorphisms (3.5) by the ring isomorphisms (4.11).
Step II. Let x be the isolated singularity of X. Since by assumption X is normal, the affine k-scheme Spec(O X,x ) is also normal. Consequently, we have H 
